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SUMMARY

Statistical prediction of record values has potential environmental applications dealing, for example, with abrupt
climate jumps, such as the prediction of rainfall extremes, highest water levels and sea surface or air record
temperatures. In this article, and on the basis of observed Pareto records drawn from a sequential sample of
independent and identically distributed random variables, we address the problem of Bayesian prediction of future
records. The Bayesian predictive distribution is developed for future records and the corresponding highest
posterior density (HPD)-prediction intervals are established. A data set representing the record values of average
July temperatures in Neuenburg, Switzerland, is used to illustrate the proposed prediction procedure’s environ-
mental application. Copyright # 2004 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Let X1;X2; . . . ;Xn; . . . ; be a sequence of independent and identically distributed (iid) random variables

with a cumulative distribution (cdf) FðxÞ and probability density function (pdf) f ðxÞ. If fUðnÞ; n � 1g
is defined by Uð1Þ ¼ 1;UðnÞ ¼ min fj j j > Uðn� 1Þ;Xj > XUðn�1Þg for n � 2, then fXUðnÞ; n � 1g
provides a sequence of (maximal) record statistics. The sequence fUðnÞ; n � 1g is called record times.

We will be concerned here only with maximal record statistics but similar results can be derived for

minimal record statistics, where we are recording the smallest values. Records of iid random variables

and their properties have been extensively studied in the literature. See Ahsanullah (1995), Ahsanullah

and Nevzorov (2001) and Arnold et al. (1998) for recent reviews.

Several authors have considered prediction problems involving record statistics. Ahsanullah (1980)

obtained linear prediction of records for the one-parameter as well as for the two-parameter

exponential distribution. Awad and Raqab (2000) conducted a comparison study between several

classical predictors of future records from the one-parameter exponential distribution. Raqab (2001)

established the highest conditional density (HCD) prediction intervals for the future records from the
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exponential distribution. Dunsmore (1983) addressed the problem of Bayesian prediction of future

records from the exponential distribution and Basak and Bagchi (1990) considered the Laplace

approximation method to the predictive distribution of a future observation as developed by Tierney

and Kadane (1986). Smith and Miller (1986) presented a class of non-Gaussian steady state models

with application to prediction of records based on censored and uncensored observations.

Record statistics are defined as a model for successive extremes in a sequence of iid random

variables such as successive largest insurance claims in non-life insurance, highest water levels or

highest temperatures. Records are also used in reliability theory. Suppose that a technical system is

subject to shocks, e.g. peaks of voltages. If the shocks are viewed as realizations of an iid sequence,

then the model of record statistics (values of successive peak voltages) is adequate. Consequently,

predictions of future records do arise naturally in this context.

In this article, we assume that X1;X2; . . . ;Xn; . . . ; follow the Pareto distribution with pdf and cdf,

respectively,

f ðx j �; �Þ ¼ ���x�ð�þ1Þ; Fðx j �; �Þ ¼ 1 � x

�

� ���

; x � �ð�; � > 0Þ ð1Þ

This distribution is a special form of Pearson Type VI distribution; we will denote it by Pð�; �Þ. The

Pareto distribution and its generalizations do provide a flexible family of distributions which may be

used to model income distributions as well as a wide variety of other socio-economic phenomena such

as insurance claims, firm assets, stock price fluctuations and the occurrence of natural phenomena. The

Pareto family also arises as a limiting distribution in certain record contexts; see Wilks (1959).

In this article, we present a Bayesian approach to predicting the behavior of further records from the

same distribution. Namely, given m peaks y1 � y2 � � � � � ym, of a sequential sample, we predict the

future peaks ymþ1; ymþ2; . . . ; yn; . . . ; ðn > mÞ.
In Section 2, we derive the Bayes estimators of the parameters � and � based on the observed

records. In Section 3, we obtain the predictive density function and the corresponding Bayes predictors

and HPD-prediction intervals of the future nth record. In Section 4, we use the Gibbs sampler to

estimate the predictive distribution of the average of future records. Section 5 includes an example

using a real life data set and a discussion of the results.

2. PRIOR STRUCTURE AND POSTERIOR DISTRIBUTIONS

Suppose we observe m records Y1 ¼ y1; Y2 ¼ y2; . . . ; Ym ¼ ym from a pdf f ðx j �Þ and a cdf Fðx j �Þ,
given the parameter � 2 Rk. The joint pdf of Y ¼ ðY1; Y2; . . . ; YmÞ (Ahsanullah and Nevzorov (2001)

and Arnold et al. (1998)) is given by

f1;2;...;mðy1; y2; . . . ; ym j �Þ ¼
Ym�1

i¼1

hðyi j �Þ f ðym j �Þ; �1 < y1 < � � � < ym < 1 ð2Þ

where hðy j �Þ ¼ f ðy j �Þ=½1 � Fðy j �Þ� is the hazard rate. The marginal pdf of the kth record Yk is

fkðy j �Þ ¼
½Hðy j �Þ�k�1

�ðkÞ f ðy j �Þ ð3Þ
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where Hðy j �Þ ¼ � lnð1 � Fðy j �ÞÞ is the hazard function. We will consider the more general case

where both � and � are unknown. According to (2), the likelihood function is given by

Lð�; � j yÞ /�m�� y��
m I½y1 > � � ð4Þ

where I½A� denotes the indicator function for the event A. The predictive likelihood function of the

observed and future records yields prediction equations of the parameters and the future record to be

predicted (see, for example, Kaminsky and Rhodin (1985) and Raqab (1997)). The ML prediction

method does not provide explicit predictors and may be of limited value for establishing prediction

intervals. In this article, we address the Bayesian approach to predicting future records.

A natural joint conjugate prior for (�, �) is available. It was first suggested by Lwin (1972) and later

generalized in Arnold and Press (1983). The generalized Lwin prior or the power-gamma prior,

denoted by PG(�; �; �; L0), is given by

�ð�; �Þ / ������1��� ð� > 0; 0 < � < L0Þ ð5Þ

where �, �, �, L0 are positive constants and L0 < �. Such a prior specifies �ð�Þ as

Ga(�; ln�� � ln L0) and �ð� j �Þ as a power function distribution PF(��; L0) of the form

�ð� j �Þ / �� ����1 L���
0 ð0 < � < L0Þ

Vague prior information about � and � is specified by letting � ¼ �1; � ¼ 1; � ¼ 0 and L0 ! 1. The

modified Lwin priors enjoy the advantages of mathematical tractability and easy interpretability.

On combining (4) with (5), we obtain the posterior density of � and � as

�ð�; � j yÞ / �mþ�

�
exp f��½�1 � ð�þ 1Þ ln � �g I½� < M1� ð6Þ

where

M1 ¼ minðy1; L0Þ and �1 ¼ ln �þ ln ym

Integrating out � and � from (6) we obtain the posterior densities of � and � , respectively, as

�ð� j yÞ / �mþ��1 exp f��½�1 � ð�þ 1Þ ln M1�g ð7Þ

and

�ð� j yÞ / 1

�
½�1 � ð�þ 1Þ ln � ��ðmþ�þ1Þ

I½� < M1� ð8Þ

We can then get only the Bayes estimator of � explicitly as

�B ¼ mþ �

�1 � ð�þ 1Þ lnM1½ � ð9Þ
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Another related function of interest is the reliability function RðtÞ ¼ PðX > tÞ. The Bayes estimate of

R(t) based on the first m records under a squared loss function is

RBðtÞ ¼
�þ 1

�þ 2

�1 � ð�þ 1Þ lnM1

�1 þ ln t � ð�þ 2Þ lnM1

� �mþ�

ð10Þ

3. PREDICTION OF FUTURE RECORDS

In this section we present the Bayesian predictive distribution for the future records based on the

observed record data Y ¼ ðy1; y2; . . . ; ymÞ; m � 1. We develop the Bayes predictor of the future

records as well as the corresponding HPD-prediction intervals.

Consider a situation in which the values of successive jumps are of special interest. The major

problem here is to predict the nth future peak Yn (1 � m < nÞ. Our goal is first to obtain the predictive

density function of Yn given Y ¼ y.

It is well known that the sequence fYi; i � 1g is a Markov chain; that is, the conditional pdf of Yn
given Y ¼ y is just the conditional pdf of Yn given Ym ¼ ym with parameter � 2 Rk. It follows

(Ahsanullah, 1995, pp. 5–6) that

fnðyn j y; �Þ ¼
1

�ðn� mÞ ½Hðyn j �Þ � Hðym j �Þ�n�m�1 f ðyn j �Þ
½1 � Fðym j �Þ� ; 1 � m < n ð11Þ

For the Pareto distribution with pdf and cdf defined in (1), (11) becomes

fnðyn j y; �; �Þ ¼
�n�m

�ðn� mÞ
1

yn

ym

yn

� ��

ln
yn

ym

� �� �n�m�1

I½� < ym < yn� ð12Þ

By forming the product of fnðyn j y; �; �Þ given in (12) and the joint posterior density of � and � in

(6), the full Bayesian model is found to be

�ð�; �; yn j yÞ / �nþ�

�
y�ð�þ1Þ
n ln

yn

ym

� �� �n�m�1

exp �� ln�� ð�þ 1Þ ln �½ �f g

I½� < M2�
ð13Þ

where M2 ¼ minðM1; ymÞ. Integrating out � and � , it is shown that for 1 � m < n, the predictive

density function of Yn given Y ¼ y is

fnðyn j yÞ /
ln yn � ln ym½ �n�m�1

yn �2 þ ln yn½ �nþ� I½ym < yn� ð14Þ

where �2 ¼ ln�� ð�þ 1Þ lnM2.
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The density in (14) has no finite moments. However, the log moments do exist. Define W > 0 such

that Yn ¼ ym eW . Given the observed record data y, the conditional pdf of W given y is

pðw j yÞ ¼ ð�2 þ ln ymÞmþ�

Bðmþ �; n� mÞ
wn�m�1

ð�2 þ ln ym þ wÞnþ� ; w > 0 ð15Þ

That is, W has a gamma–gamma distribution Ggða; b; cÞ with parameters a ¼ mþ �; b ¼ �2 þ ln ym
and c ¼ n� m. The Bayes predictor of W under squared error loss is

w ¼ EðW j yÞ ¼ ð�2 þ ln ymÞ½ðn� mÞ=ðmþ � � 1Þ�

Now we will establish the HPD prediction intervals for the future records. A set C � ð0;1Þ of the

form C ¼ fyn j pðyn j yÞ � c�g, where c� is the largest constant such that PðYn 2 C j yÞ ¼ 1 � �, is

called a 100ð1 � �Þ% HPD credible set for Yn. The unimodality of (14) implies that the 100ð1 � �Þ%
HPD prediction interval ðI�1 ; I�2Þ for Yn must satisfy RynðI�1 j yÞ � RynðI�2 j yÞ ¼ 1 � � and

pynðI�1 j yÞ ¼ pynðI�2 j yÞ, where pynðt j yÞ and Rynðt j yÞ denote, respectively, the predictive density

and reliability functions of Yn. This is equivalent to RwðI1 j yÞ � RwðI2 j yÞ ¼ 1 � � and

e�I1pwðI1 j yÞ ¼ e�I2pwðI2 j yÞ, where I�i ¼ yme
Ii and where pw and Rw denote, respectively, the

predictive density and reliability functions of W . After some algebra, it is shown that I1 and I2 are

such that:

ð�2 þ ln ymÞmþ�

ðmþ �ÞBðn� m;mþ �Þ

�
I
�ðmþ�Þ
1 2F1ðnþ �;mþ �;mþ � þ 1;

� ð�2 þ ln ymÞI�1
1 Þ � I

�ðmþ�Þ
2 2F1ðnþ �;mþ �;mþ � þ 1;�ð�2 þ ln ymÞI�1

2 Þ
�

¼ 1 � �

ð16Þ

and

�2 þ ln ym þ I2

�2 þ ln ym þ I1

� �nþ�

¼ I2

I1

� �n�m�1

eðI1�I2Þ ð17Þ

where 2F1 is the special hypergeometric function (see, for example, Gradshteyn and Ryzhik, 1994,

p. 334). The solutions to (16) and (17), using, for example, Newton–Raphson, yields I1 and I2 and then

HPD prediction intervals ðI�1 ; I�2Þ for Yn. For n ¼ mþ 1, (17) yields I1 ¼ I2 and then no prediction

interval can be established.

4. PREDICTION OF RECORD AVERAGE

In this section we present the Bayesian predictive distributions for the average of the future records

based on the observed sample Y ¼ ðy1; y2; . . . ; ymÞ. Let us consider Y� ¼ ðymþ1; . . . ; ynÞ; 1 � m < n,

the future unobserved records.

BAYESIAN PREDICTION OF TEMPERATURE RECORDS 705

Copyright # 2004 John Wiley & Sons, Ltd. Environmetrics 2004; 15: 701–710



Note that Y and Y� are dependent and the extended likelihood function of ðY; Y�Þ ¼
ðy1; y2; . . . ; ynÞ is given by

Lðy; y� j �; �Þ ¼
Yn
i¼1

1

yi

� �
�n �� y��

n I½� < y1� ð18Þ

The joint predictive density function of Y� given Y ¼ y is found to be

pðy� j yÞ /

Qn
i¼mþ1

ð1
yi
Þ �3 þ ln yn½ ��ðnþ�Þ

�3 þ ln ym½ ��ðmþ�Þ ð19Þ

where

�3 ¼ ln�� ð�þ 1Þ lnM1

Prediction of future records or a function of these records, especially the average record, is of interest

(Nagaraja, 1995). The expression in (19) does not allow us to obtain an explicit form for the predictive

density of the average of the next n� m records, y�ðn�mÞ ¼
Pn

i¼mþ1 yi=ðn� mÞ. We were also unable

to get an explicit expression for the Bayes predictor of yn; n > m and for the Bayes estimate of � . We

therefore opt for stochastic simulation and use the Gibbs sampler (Gelfand, 2000) to generate samples

from the predictive distributions of the future records as well as their average. The parameters � and �
will be estimated along the way.

By forming the product of the extended likelihood in (18) and the joint prior of � and � in (5), the

full Bayesian model is found to be

�ð�; �; y� j yÞ /n
i¼1

1

yi

� �
��1 �nþ�exp �� ln �þ ln yn � ð�þ 1Þ ln �½ �f g I½� < M1� ð20Þ

The full conditional distributions of yk ðmþ 1 � k � nÞ, � and � are needed to implement the Gibbs

sampling algorithm. By setting y�k ¼ ðymþ1; . . . ; yk�1; ykþ1; . . . ; ynÞ, and using (20), we immediately

obtain the conditional probability density function of the yk as

�ðyk j y; y�k ; �; �Þ ¼

I½� < yk�1 < yk < ykþ1�
yk½ln ykþ1 � ln yk�1� ; k ¼ mþ 1; . . . ; n� 1

� y�n�1

y�þ1
n

I½yn > yn�1�; k ¼ n

8>><
>>:

ð21Þ

The full conditional density of � is given by

�ð� j y; y�; �Þ ¼ �nþ�expf��1 �g
�ðnþ � þ 1Þ��ðnþ�þ1Þ

1

ð22Þ

where

�1 ¼ ln �þ ln yn � ð�þ 1Þ ln �
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Therefore, generation of � values can be carried out based on the incomplete gamma function

	ðnþ � þ 1; �1�Þ as the cdf of �. Generation of � values is carried out based on the power function

distribution with shape parameter ð�þ 1Þ� and scale parameter M1. Further, from (21), the inverse cdf

transformation method implies that the kth record can be generated as follows:

Yk ¼ Yk�1ðYkþ1=Yk�1ÞU ; k 6¼ n

Yn ¼ Yn�1 ð1 � UÞ�1=�; k ¼ n

where U is a uniform (0, 1) variate.

5. ILLUSTRATIVE APPLICATION

To illustrate the proposed prediction procedure, we use the following data which represent the record

values of the average July temperatures (in degrees centigrade) of Neuenburg, Switzerland, during the

period 1864–1993 (from Kluppelberg and Schwere, 1995).

The records and their statistics could be used as tools to indicate an increasing trend in this data (global

warming), see for example, Arnold et al. (1998, pp. 49–50, 278). The Pareto distribution defined in (1)

is used as the model for the occurrences of these data. The above table presents the record values

where a new record value was set. As suggested by Arnold and Press (1989), the values of the

hyperparameters �; �; � and L0 are assessed to match the experimenter’s notion of the location and

precision of his prior for � and his prior percentiles for �.

If we assume, for example, that the mean of � is 40 and that its variance is 20, and that the median

and the 95th percentile of � are, respectively, 20 and 25, we obtain after some calculations the values of

the hyperparameters as follows: � ¼ 80; � ¼ 0:072; L0 ¼ 25:44 and � ¼ 9:34.

After setting the initial values for �; � and y�, a Gibbs sampler single chain of 600 iterations is run

and used as input in the Raftery and Lewis Fortran program to determine the required number of

iterations that should be run to attain convergence (Raftery and Lewis, 1992). Subsequent to

convergence, 1000 draws of equally spaced variates were then collected for the parameters � and

� , as well as for the future records y9; y10 and y11.

Year 1864 1865 1870 1881 1904 1911 1928 1983

Records (in degrees) 19.0 20.1 21.4 21.7 22.0 22.1 22.6 23.4

Table 1. Simulated percentiles of the estimated distributions of � , Y9 and Y�

p 0.025 0.05 0.5 0.95 0.975 0.995
� 17.425 17.813 18.689 18.978 18.988 18.998
Y9 23.418 23.435 23.819 25.480 25.915 26.652
Y� 23.614 23.698 24.500 26.437 26.916 27.882
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Figure 1. Estimate of the predictive density function of tau

Figure 2. Estimate of the predictive density function of the 9th record

Figure 3. Estimate of the predictive density function of the record average
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From the iterative method, the Bayesian predictive estimates of � , the next record temperature y9

and the average of the next three records are, respectively,

�B ¼ 18:57; y9 ¼ 24:05; y� ¼ 24:72

It is found also that the predictive estimate of �, using (9), is equal to 39.46, as compared to 39.38

using the Gibbs sampler.

Table 1 presents the 100p (0< p< 1) simulated percentiles of � , Y9 and Y�. From the table, we

can establish simulated prediction intervals for �, Y9 and Y� based on different reliability coefficients.

Moreover, the kernel method is used to estimate the predictive density functions for �, Y9 and Y�

shown in Figures 1–3.

Using Table 1, 95% prediction intervals for �, Y9 and Y� are, respectively, (17.425, 18.988),

(23.418, 25.915) and (23.614, 26.916). As for the other future records, it is found, for example, that a

95% prediction interval for Y10, using (16) and (17), is (23.421, 26.563), as compared to (23.545,

27.186) using the sampler.

Experimentation with different starting values as well as with different values of the prior

parameters led to similar results, which confirms convergence of the sampler and shows very good

stability with respect to the prior settings.

In this article, we have tackled the problem of future record prediction, for the Pareto model, from a

Bayesian viewpoint. It was seen that the problem could not be solved explicitly in its entirety and that

the Gibbs sampler proved to be an effective alternative iterative approach in estimating the predictive

density functions of the model parameters, the future records, as well as functions of these records.

When applied to the temperature records data, the proposed procedure yielded very reasonable results.
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